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ABSTRACT By using a combination of continuum and statistical mechanics we derive an integral constitutive relation for
bio-artificial tissue models consisting of a monodisperse population of cells in a uniform collagenous matrix. This constitutive
relation quantitatively models the dependence of tissue stress on deformation history, and makes explicit the separate
contribution of cells and matrix to the mechanical behavior of the composite tissue. Thus microscopic cell mechanical
properties can be deduced via this theory from measurements of macroscopic tissue properties. A central feature of the
constitutive relation is the appearance of “anisotropy tensors” that embody the effects of cell orientation on tissue mechanics.
The theory assumes that the tissues are stable over the observation time, and does not in its present form allow for cell
migration, reorientation, or internal remodeling. We have compared the predictions of the theory to uniaxial relaxation tests
on fibroblast-populated collagen matrices (FPMs) and find that the experimental results generally support the theory and yield
values of fibroblast contractile force and stiffness roughly an order of magnitude smaller than, and viscosity comparable to,
the corresponding properties of active skeletal muscle. The method used here to derive the tissue constitutive equation
permits more sophisticated cell models to be used in developing more accurate representations of tissue properties.
INTRODUCTION
A fundamental problem in physiology is to understand how
the cells and matrix that comprise a tissue determine its
mechanical properties. A clear and quantitative description
of this relationship is important not only for basic biological
science, but also for the rational design of artificial tissues.
This paper describes the first stage of a theory that accounts
for the mechanical properties of a tissue model in terms of
its cellular and matrix components. Tissue models reconsti-
tuted from specified cells and matrix provide a powerful and
flexible experimental approach to this subject (Bell et al.,
1979). We have developed methods for producing the
model tissues and for measuring their structural and me-
chanical characteristics (Kolodney and Elson, 1993, 1995;
Wakatsuki et al., 2000). Although model tissues are readily
assembled using a variety of cell types, including smooth,
skeletal, and cardiac muscle (Eschenhagen et al., 1997) and
epi and endothelial cells (Kolodney and Wysolmerski,
1992), we focus here on fibroblast-populated matrices
(FPMs) in which primary chicken embryo fibroblasts are
embedded in a collagen matrix. Measurement of dynamic
uniaxial stress-strain relations reveals the mechanical char-
acteristics of these cell-matrix composites and how they
depend on factors such as the fabrication procedure, cell
concentration, cell type, and drugs or toxins that affect the
cytoskeleton and extracellular matrix.
The mechanical interaction of cells and matrix in a tissue,
either natural or artificial, is complex and cannot be com-
prehended adequately in an obvious or intuitive way. Ex-
tracellular matrix is a viscoelastic material generating
stresses dependent on the history of deformation, and the
embedded cells also exhibit viscoelastic behavior in addi-
tion to developing active contractile forces. How these
constituents combine to determine the mechanical behavior
of the composite tissue depends not only on their individual
mechanical properties, but also on how they are assembled
and connected within the tissue. Models have been proposed
to account for specific systems. Among the earliest were
constitutive relations for tissues containing mesenchymal
(Murray et al., 1983; Murray and Oster, 1984) and epithelial
(Odell et al., 1981) cells. The objective of this work was to
analyze pattern formation in continuum mechanical theories
of morphogenesis; little detail on the mechanics of individ-
ual cells was included. More recently, Tranquillo and col-
leagues have extended the Murray-Oster constitutive rela-
tions to build sophisticated models of artificial-tissue
mechanics during tissue formation, a process analogous to
wound healing (Tranquillo and Murray, 1992, 1993; Moon
and Tranquillo, 1993; Barocas et al., 1995; Tranquillo,
1999). The salient mechanical event in this process is a large
contraction of the collagen gel with a concomitant expulsion
of water (syneresis). In its latest formulation the tissue is
represented as a two-phase fluid-solid system, which per-
mits improved predictions of the remodeling dynamics (Ba-
rocas and Tranquillo, 1997).
In this paper we will focus on how the mechanical prop-
erties of a fully formed tissue model with relatively time-
independent properties depend on its cellular and matrix
components. We will not treat the fabrication phase of tissue
compaction and remodeling. We will build a constitutive
equation relating stress and strain history that can be inter-
preted quantitatively in terms of the mechanical properties
of cellular and matrix components. In the first part of this
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paper we describe the general mechanical response of indi-
vidual cells by a generally accepted physiological model of
contractile systems, and then assemble the tissue constitu-
tive relation by averaging over the cell distribution. The
moduli appearing in the resulting macroscopic constitutive
relation can be interpreted directly in terms of the moduli of
the matrix and those of cellular constituents. To the best of
our knowledge there is now no other tissue constitutive
model that aspires to this level of detail. In the second part
of the paper we make a first application of our theory to the
analysis of relaxation tests and present experimental results
to validate the theory.
DEVELOPMENT OF THE
CONSTITUTIVE RELATION
As a point of departure we consider the structure of an FPM
after it is formed—that is, after incubation, extrusion of
fluid, compaction, and remodeling by the embedded cells.
Fig. 1 exhibits micrographs of FPMs containing different
concentrations of fibroblasts. Two features appear in this
figure that are particularly relevant for constitutive model-
ing. First, the fibroblasts are spread and elongated, roughly
resembling rods with a typical length of 100 m and a
thickness of 10 m. Second, the direction of these “rods” is
FIGURE 1 (A, B, D) Optical sections of formed tissue models. The cell concentration in A and B is 1.0  106 cells/ml of uncompacted tissue. A is in
the central region of the sample and B is near the edge. D is in the central region of a sparse tissue model, with a cell concentration of 0.1  106 cells/ml
of uncompacted tissue. C shows a polar histogram of 720 cell-orientation measurements, partitioned into 10° bins; also shown is the circle representing
the average number per bin. (The cell numbers were counted over the range 0° to 180°, and were extended to the range 180°–360° by reflection through
the origin.)
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variable; in some regions the cells tend to be aligned in one
direction (Fig. 1 B) whereas in others the cell orientations
appear to be random (Fig. 1 A). Both of these features figure
prominently in the ensuing constitutive relation.
If an imaginary cutting plane, with unit normal ni, is
passed through a point in the FPM, the force per unit area
exerted on the material on the negative side (the side from
which ni emanates) by the material on the positive side (the
side into which ni points) is called the traction acting at the
point, ti, and is related to the (Cauchy) stress, ij, by tj 
dAiij, where dAi  nidA is an area element in the cutting
plane. We assume that the traction at any point can be
decomposed into the sum of a part associated with the
collagen matrix, ti
(m), and a part associated with the cells, ti
(c);
thus ti  ti
(m)  ti
(c). This is equivalent to assuming that the
stress at any point is the sum of matrix and cell contributions:
ij ij
(m) ij
(c) (1)
We proceed further by defining ij
(m) to be the stress that
would exist in the FPM, subjected to any specific loading
history, if the cell forces were reduced to zero (which can be
achieved experimentally by the application of appropriate
drugs). The cell stress ij
(c) is assumed to be due to the actual
forces exerted by cells intersecting the cutting plane. While
there is no physical necessity for the such an additive
decomposition to be strictly true (see Discussion), similar
assumptions have been made in previous models of tissue
mechanics (Murray et al., 1983; Murray and Oster, 1984;
Tranquillo and Murray, 1992) and we will adopt it here.
Tissues and tissue models are usually compliant and may
be subjected to large deformations. In our own experiments,
however, the FPMs are subjected to (engineering) strains
not exceeding 20%. In this first version of our constitutive
theory we wish to avoid the mathematical complexity of
large-deformation kinematics, so we assume that the defor-
mations of the tissue are adequately characterized by the
small-strain tensor
ij
1
2
ui,j uj,i (2)
where ui is the macroscopic continuum displacement of the
tissue and ui,j  ui/xj.
We assume that the collagen matrix is a passive, homo-
geneous, isotropic, nonlinear, viscoelastic continuum, and
we characterize it by a quasi-linear integral constitutive
relation that appears to be particularly appropriate for bio-
logical materials (Fung, 1993)
ij
(m)t 

t
t	 tˆ 
ijdkk
(e)tˆ  2

t
t	 tˆ dij
(e)tˆ 
(3)
where (t) and (t) are viscoelastic relaxation functions
characterizing the matrix. (The distortional relaxation mod-
ulus at constant volume is (t) and the volumetric relaxation
modulus is (t)  (2/3) (t)). The so-called “elastic” stress,
ij
(e), is a prescribed function of strain derivable from a
strain-energy function, W(ij). Thus
ij
(e)
W
ij
(4)
There is some flexibility in the definition of ij
(e). We choose
to define it as a dimensionless variable, and assign the
physical dimensions of stress to the relaxation functions 
and ; this implies that the strain energy, W, is also dimen-
sionless. The integral constitutive relation of Eq. 3 is for a
compressible material, and involves two relaxation func-
tions. If the material is incompressible the first integral is
replaced by p
ij, where p is an isotropic pressure contri-
bution to the stress (which is not determined by the defor-
mation, but rather by the boundary conditions); that is
ijtpt
ij 2 

t
t	 tˆ dij
(e)tˆ  (5)
which involves only one relaxation function, (t).
Motivated by the nonlinear uniaxial stress-strain response
of FPMs observed in our experiments, we propose the
following specific strain-energy function for the elastic
stress
Wij
3
2
0
2e/0 
0
 (6)
where the strain invariant   	2⁄3ijij is known as the
“effective strain,” or “strain intensity,” in continuum con-
stitutive theories (Freudenthal, 1966). (For homogeneous
uniaxial deformation of an incompressible material it is easy
to show that  is numerically equal to the axial strain, which
facilitates the interpretation of uniaxial experiments in terms
of three-dimensional constitutive relations.) This strain-en-
ergy function reproduces the behavior observed in our ex-
periments: stress-strain relations that are linear at small
strain and exponential at larger strain. Equation 6 contains
one material parameter, 0, that must be determined from
experiments; roughly, 0 represents the strain at which the
stress-strain relation changes from linear to exponential.
Differentiating W(ij) yields the associated elastic stress
ij
(e) ij0
 e/0 	 1 (7)
Note that for small strains where  3 0, the elastic stress
approaches the strain itself, that is, ij
(e) 3 ij.
We turn now to a description of the cell stress. Based on
the structure revealed by the micrographs in Fig. 1 we
model the cells as slender rods of characteristic length l0. By
arbitrarily choosing one end of the cell to be “positive” and
the other “negative,” we can assign to the cell a direction in
space, given by the unit vector ni, as shown in Fig. 2 a. As
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the cell direction varies from cell to cell, we can describe the
distribution of directions by a cell orientation function,
p(ni), with the property that within any elementary solid
angle, d
, about the direction ni the fraction of the total cell
population with directions within d
 is given by p(ni)d

(see Fig. 2 b). The distribution of cell orientations can also
be described as points (the tips of the unit direction vectors)
on a unit sphere. If an arbitrary coordinate system is selected
with spherical polar angles  and  (Fig. 2 c) then ni(, )
(sin  cos , sin  sin , cos ) and p(ni)d
  p(, )sin 
d d. We expect that we can display the cell orientation
function as a smooth closed surface of quasi-ellipsoidal
shape, which is symmetric with respect to any line through
the origin, as illustrated in Fig. 2 d; the distance from the
origin to a point on this surface along a direction ni is
proportional to p(ni). As p(ni) is a probability-density func-
tion it must satisfy the normalization condition  p(ni)d
 
1, where the integral extends over all directions. Two spe-
cial cases are of particular interest. If the cell orientation is
isotropic, then p(ni) (1/4), independent of cell direction,
and is represented graphically as a sphere. If the cell orien-
tation is uniaxial with direction ni
(0), then formally we may
write p(ni)  1⁄2[
(ni  ni
(0))  
(ni  ni
(0))], where 
 is the
Dirac function, and the graphical representation degenerates
to a straight line along ni
(0).
Having modeled the geometrical character of the cells,
we proceed to their mechanical properties. Cells, in partic-
ular fibroblasts, generate passive viscoelastic forces in re-
sponse to deformation, as well as active contractile forces.
As suggested by Fig. 3 a we consider the cells to be uniaxial
contractile rods, producing a combination of active and
passive force along their length. An arbitrary imaginary
cutting plane will intersect some of these rods, and the
forces they exert across this plane will determine, according
to our assumptions, the cell stress, ij
(c). The problem of
determining the contribution to the continuum stress of a
distribution of contractile rods is one that is well known in
theoretical polymer rheology (Bird et al., 1987), where it is
shown that
ij
(c) Nl0Fninj Nl0Fnpninjpnqd
. (8)
FIGURE 2 (a) The cell-orientation
vector, ni. (b) Solid angle, d
, contain-
ing cell-orientation vectors. (c) Unit
sphere, representing the distribution of
cell-orientation vectors as points on its
surface. (d) Closed surface represent-
ing the cell-orientation function, p(ni).
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In the preceding equation F is the cell force, N is the number
of cells per unit volume of tissue, l0 is the cell length, and
  ()p(ni)d
 is the orientation-averaging operator.
For purposes of mechanical characterization we as-
sume that an elongated cell is analogous to another
well-studied biological linear force generator—namely,
skeletal muscle. Indeed, it is likely that actin-myosin
interactions contribute to the active force generated by
the former, as by the latter. Following the work of A. V.
Hill (1938) it has been traditional to represent the force
generated by muscle as arising from a combination of
three mechanical elements: a parallel elastic (PE) ele-
ment accounting for the static passive mechanical prop-
erties, a series elastic (SE) element to account for the
increased dynamic stiffness in activated cells, and finally
a contractile element (CE) that embodies the active force-
generating capabilities and quasi-viscous force-velocity
response of the muscle. These three elements are shown
in Fig. 3 b, and we assume that an elongated cell can be
described by the same general mechanical paradigm.
For purposes of this initial development of a constitutive
relation we will adapt a linearized version of the Hill model
with constant parameters. Thus the force-velocity charac-
teristic of the CE will be approximated by l˙CE  (FCE 
F0)/(cks), the force-length relation of the SE by FSE 
ks(lSE  lSE0), and the force-length relation of the PE by
FPE  kp(l  l0). Noting that l  lCE  lSE, FCE  FSE and
the total force F  FSE  FPE, these relations can be
combined into a single ordinary differential equation gov-
erning the linearized mechanical behavior of a contractile
rod.
F˙
1
c
F
1
c
F0 l0ks kp l˙l0 l0kpc  ll0	 1. (9)
In the above equation F is the total force, l (l0) is the
current cell length, ks and kp are respectively the series and
parallel elastic stiffnesses of the cell, and c is the cell time
constant: the cell’s effective viscosity, c, divided by ks.
The contractile force, F0, represents the active force gener-
ated by the cell, and depends presumably on the concentra-
tion of some diffusible activator, such as bovine calf serum
in our experiments. In the context of the traditional Hill
muscle model, F0 is usually referred to as the “isometric
force” or the “active state.”
To proceed from the constitutive equation for a single
cell, Eq. 9, to an expression for the cell stress, we use two
well-known results in continuum mechanics (Malvern).
First, if a cell has direction ni and the strain tensor is ij, then
the incremental stretch of the cell along its length is (l/l0) 
1  (l/l0)  ijninj. Clearly the cell stretch depends on the
cell direction. Second, the fractional rate of change of cell
length (l˙/l) is related to the rate-of-deformation tensor, dij 
1⁄2(vi,j  vj,i), as (l˙/l)  dijninj; vi is the tissue velocity.
Because we are assuming small strains, we may approxi-
mate (l˙/l) (l˙/l0) and dij ˙ij (ij/t), and obtain (l˙/l0)
˙ijninj. Again, the cell’s strain rate depends on direction. It
is important to recognize that both of these conclusions are
based on the assumption that the cells follow the macro-
scopic deformation of the tissue continuum (See Discussion.)
The remaining steps are purely mechanical. First we
multiply both sides of the cell constitutive equation, Eq. 9,
by Nl0npnqp(nk)d
 and integrate over all directions, that is,
Nl0F˙ 1cFnpnqpnkd

 Nl01cF0 l0ks kp˙ijninj l0kpc ijninjnpnqpnkd

(10)
FIGURE 3 (a) Schematic diagram illustrating an imaginary cutting
plane, with normal ni, passing through matrix and cells. The cells generate
a traction force F. (b) The classic Hill representation of a contractile rod of
length l generating a force F. The model elements are: contractile force
(F0), contractile element (CE), series elastic element (SE), parallel elastic
element (PE).
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In view of Eq. 8 this yields
pq
(c)
t

1
c
pq
(c)
3
c
0Apq  t cBpqijij (11)
as the constitutive equation for the cell stress, where the
macroscopic tissue parameters appearing in Eq. 11 are re-
lated to the individual cell parameters by
0
1
3
Nl0F0 ,   Nl0
2ks kp,  Nl0
2kp . (12)
In deriving Eq. 11 it was assumed that the contractile force
F0 is independent of cell orientation. The parameter 0 may
be dubbed the cell “contractile pressure,” although it actu-
ally represents an isotropic tension if it is positive. The
parameter  represents the macroscopic manifestation of
cellular parallel elasticity, and  the combination of parallel
and series elasticity. Two tensors, Aij and Bijpq, appeared in
the derivation of Eq. 11, and we designate these as the “cell
anisotropy tensors.” They are defined as
Aij ninj ninjpnkd
 (13)
and
Bijpq ninjnpnq ninjnpnqpnkd
 (14)
The appearance of these two tensors in Eq. 11 translates the
anisotropy of the microscopic cell distribution into aniso-
tropic mechanical behavior of the macroscopic tissue.
We have now arrived at our final result, in which we
combine the cell constitutive equation, Eq. 11, with the
matrix constitutive equation, Eq. 3, via Eq. 1, to obtain a
constitutive equation for the tissue (FPM). For consistency
with Eq. 3 we also convert Eq. 11 to integral form, obtaining
ij 

t t	 tˆ
ijkk(e)
tˆ  2t	 tˆij
(e)
tˆ 
 e(ttˆ)/c3c 0Aij  tˆ  cBijpqpqdtˆ.
(15)
For incompressible materials the first term on the right side
of Eq. 15,  (t  tˆ)
ij(kk
(e)/tˆ)dtˆ, is simply replaced by
p
ij. A qualitative spring-dashpot representation of the
(incompressible) material described by Eq. 15 is presented
in Fig. 4, and should provide an intuitive sense of its
mechanical behavior.
THE CELL ANISOTROPY TENSORS Aij AND Bijpq
The second-rank tensor Aij and the fourth-rank tensor Bijpq
are important because they connect the distribution of cell
orientations, which is determined by the fabrication condi-
tions, to the macroscopic mechanical behavior of the FPM.
These tensors are completely determined by the cell orien-
tation function, p(ni), which must be measured experimen-
tally. For reference, we list some of their salient properties,
which may be verified by the definitions given in Eqs. 13
and 14.
1. The components of Aij and Bijpq are at most one in
absolute value;
2. Aij and Bijpq are symmetric with respect to any pair of
indices;
3. Bijkk  Aij;
4. There are at most six independent components of Aij and
15 independent components of Bijpq;
5. For a planar distribution, where one component of ni is
equal to zero, there are at most three independent non-
zero components of Aij and five independent nonzero
components of Bijpq;
6. For a uniaxial cell distribution in the 1-direction all
components of Aij and Bijpq are zero except A11  1 and
B1111  1;
7. For three-dimensional isotropy
Aij
1
3

ij
and
Bijpq
1
15

ij
pq 
ip
jq 
iq
jp, where i, j 1, 2, 3;
FIGURE 4 Spring-dashpot representation of the tissue model constitu-
tive relation, Eq. 15. This representation is only qualitative because 1) the
matrix portion of the constitutive relation is, in general, nonlinear, and 2)
the cell portion of the constitutive relation is, in general, anisotropic. The
figure becomes quantitatively accurate in the special case of a matrix
composed of linear standard-solid material, together with a uniaxial cell
orientation.
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8. For planar isotropy (isotropy in the 1-2 plane, with n3 
0) all components that contain 3 as an index vanish, and
A 
1
2


and
B 
1
8


  

  

, for ,   1, 2.
Except in the degenerate cases of uniaxial, isotropic, and
planar isotropic distributions the anisotropy tensors must be
computed using the measured cell orientation function,
p(ni).
ANALYSIS OF RELAXATION
Using Eq. 15 we can compute the tissue response in a
relaxation test, which we will compare to measured relax-
ation responses in the next section. In this analysis we will
make several approximations which our experimental ob-
servations suggest are acceptable to first-order. First, we
assume that the matrix is incompressible. Next, we suppose
that when the cell forces have been eliminated by applica-
tion of appropriate drugs (high concentrations of cytocha-
lasin D, in our experiments) then this implies that 0 
  0. Then Eq. 15 reduces to the following constitutive
equation for the passive matrix
ijp
ij 2 

t
t	 tˆdij
(e) (16)
The test specimen of initially unstrained tissue, from which
cell contributions have been eliminated with cytochalasin
D, is subjected to a homogeneous step of uniaxial strain 11
at t  0, which is subsequently held constant. As the matrix
has been assumed incompressible and isotropic, there will
be concurrent lateral strains 22  33  (11/2). Accord-
ing to Eq. 16 the stress response to the strain step is
ijp
ij 2tij
(e)pq (17)
or
11p 2t11
e
and (18)
22p 2t22
e 0
The pressure, p, can be determined from the second of
Eqs. 18, and when inserted into the first yields
11t 2t11
e	 22
e (19)
ij
(e) is given as a function of ij by Eq. 7. It is easy to show
that in a uniaxial strain of an incompressible material  
11, so that Eq. 19 becomes
11t 3t0e11/0 	 1. (20)
Comparing Eq. 20 to uniaxial relaxation stresses 11(t),
measured in cytochalasin D-treated FPMs for several con-
stant values of the uniaxial strain, it is possible to identify
the parameter 0 and the relaxation function, (t). We
denote the special values (0)  0 (the “fast” stiffness),
()   (the “slow” stiffness), and   0
[(t) 
()]dt, the matrix steady-state viscosity, by the indicated
symbols.
The above analysis holds for substantial strain amplitudes
where the stress is a nonlinear function of the strain, but due
to technical constraints the relaxation tests described in the
next section were limited to strains of 0.06. As experi-
mental measurements suggest that 0  0.1, under these
circumstances it is reasonable to make the approximation
that ij
(e)(pq)  ij. This greatly simplifies the subsequent
analysis of the active tissue response, so for the remainder
of this section we will adopt this linearization of the “elas-
tic” stress ij
(e) and set it equal to the strain. Then Eq. 20
becomes
11t 3t11 (22)
which gives the matrix relaxation function, (t), directly in
terms of the observed variation of the passive stress, 11(t)
for constant strain step 11.
We turn now to the relaxation response with the cells
active. For purposes of this analysis we assume that the cell
distribution is planar isotropic. Under these circumstances
A 
1
2

 and B 
1
8
(
  2) with , , ,
  1,2 and all other components are zero. If the cells are
activated at a remote time prior to t 0 by holding constant
the concentration of a diffusible chemical stimulant, with
11  0, it is easy to show using Eq. 15 and the conditions
of incompressibility (11  22  33  0) and uniaxial
stress (22  33  0) that the tissue will have attained a
constant steady state at t  0, with the values
220 123 320
and (22)
110
3
22 163 320
where 0 is the constant cell pressure, a measure of activa-
tion level. If now a uniaxial strain step 11 is imposed at
t  0 while maintaining the cell pressure (i.e., activation),
0, constant, this will give rise to transverse strain incre-
ments, 22 and 33, as well as an axial stress increment
11(t). Again using Eq. 15, with ij
(e)  ij, and the aux-
iliary conditions 11  22  33  0 and 22 
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33  0, it can be shown after some calculation that
1111 18 2t 16t4t 48t3t 32t (23)
where
t  	 et/c (24)
If we define, for algebraic convenience, x  [(11/
311)  1] and y  /, then Eq. 23 may be written as
3x(32  3y)  y(11  y), which may be solved for y in
terms of x, yielding
y 1
2
	81x2 186x 121 9x	 11 9x . (25)
It can be shown that the error, , of approximating y by 9x
is 3% for all positive x. Ignoring this small error and
assuming that y  9x, we obtain the simple result that
  311/11	 3
or
  	 et/c  31111 	 3. (26)
The function 3(t) is simply the passive response (i.e.,
relaxation function) with cell forces absent, so Eq. 26 states
that the difference between the total and passive relaxation
responses can be interpreted directly in terms of cellular
mechanical properties. As     0, this difference is
predicted to be a decaying function of time—a typical
relaxation function; indeed, this function is predicted to be
a monoexponential function by this initial version of our
theory. Equations 22 and 26 are used in the next section to
extract cell-mechanical parameters from our measurements
of relaxation responses. Note that by integrating Eq. 26 one
can extract a measure of cell viscosity
   	 c 
0
31111 	 3	dt; (27)
the viscosity per cell is c  /(Nl0
2).
RELAXATION EXPERIMENTS
Sample preparation and
mechanical measurements
Detailed methods can be found elsewhere (Wakatsuki et al.,
2000). Briefly, 1.0  106 chicken embryo fibroblasts
(CEFs) were re-suspended in 1 ml DMEM containing 10%
FBS and 1 mg rat tail collagen (Upstate Biotechnology,
Lake Placid, NY). The cell-collagen mixed solution was
poured into cylindrical wells with a central mandrel and
placed in the tissue culture incubator (5% CO2 and 37°C)
for 2 days (with FBS absent during the last 16 h). An FPM
ring formed around the mandrel and was gently removed for
subsequent testing. After incubation and compaction the
water content of the extracellular matrix was 99%. The FPM
rings were looped over a stainless steel hook attached to an
isometric force transducer and over a horizontal rod at-
tached to a stepper motor. The distance between the lower
rod and the hook was set at half the circumference of the
mandrel, thereby restoring the FPM to its original length
(0% strain). The motor was controlled by custom software
(developed by Bill McConnaughey) running on a personal
computer.
Reagents
Cytochalasin D (Sigma, St. Louis, MO) was dissolved in
dimethyl sulfoxide (DMSO) at a concentration of 2 mM as
a stock solution. This stock solution was added to the tissue
culture medium in an organ bath at 1/1000 dilution.
Cell orientation measurements
The cells in the FPMs were stained with the cytoplasmic
fluorescent dye Cell Tracker (Molecular Probes, Eugene,
OR) for 15 min in the incubator. The samples were then
washed twice with phosphate buffered saline (PBS) to re-
move excess dye, and fixed with 3.7% formaldehyde in PBS
for 30 min at room temperature. The confocal images of
fluorescently labeled CEFs were taken as 36 sections at 2
m intervals of the tissue normal to its thickness. Almost all
the spread cells exhibited bipolar spindle shapes. To deter-
mine the directions of the long axes of bipolar spindle-
shaped cells, each image was analyzed using a macro pro-
gram written for ScionImage software (Scion Corp.,
Frederick, MD). The cells that were round or too close to
other cells were simply ignored in the analysis.
RESULTS
Cell orientation
The fibroblasts spread in bipolar spindle shapes (100 m
length and 50 m2 cross-sectional area at nuclei) in the
FPM, and were visualized using cytoplasmic fluorescent
dye. Sections of confocal images at the center and near the
free edge of the FPM are shown in Fig. 1, A and B,
respectively. The cells near the edge were oriented parallel
to the edge, whereas the cells at the center were oriented
almost in random directions. In both locations the cells were
densely packed and often made contact with each other.
This suggests the existence of an almost continuous cell
network throughout the FPMs. To determine the cell-orien-
tation distribution we measured the angle between the long
axis of a cell and the circumferential direction of the ring
(parallel to the uniaxial stretch direction). A polar plot of the
cell-orientation distribution shows the number of cells ori-
2376 Zahalak et al.
Biophysical Journal 79(5) 2369–2381
ented within a fixed angular interval (10°) as a function of
the angle at the center of the interval (Fig. 1 C). The FPMs
made with low cell concentrations (100,000 cells/ml, initial)
exhibited sparsely distributed and randomly oriented cells in
almost the entire sample (Fig. 1 D).
Stress relaxation
The FPMs were first stretched using a stretch cycle of 20%
strain (15 min each of elongation and shortening at steady
rate), which preconditions the sample (Wakatsuki et al.,
2000). When the force reached a steady level after the
preconditioning cycle, the FPMs were subjected to a fast
step stretch within 0.1 s. The strain of the FPMs was kept
constant for at least 30 min to observe the force relaxation
down to a steady level, and the recorded force versus time
curve is called the “Total” response. After the end of the
relaxation the strain was returned to 0% and the sample was
permitted to recover to its initial state. After recovery, 2 M
cytochalasin D was added to disrupt the actin filaments,
which presumably abolishes the cellular contribution to the
tissue force. After the force reached a new steady-state
value (normally very small, practically zero), another rapid
step stretch was applied and the force relaxation was re-
corded at least for 30 min, and called the “Passive” re-
sponse. This stress relaxation curve, after cytochalasin D
treatment, is interpreted as representing the passive matrix
properties, and is analyzed using Eq. 21. The stress-relax-
ation curve obtained by subtracting the Passive curve from
the Total curve is called the “Active” response; it is asso-
ciated with the cellular contribution to tissue mechanics,
and is analyzed using Eq. 26.
Steps of several amplitudes (0.01, 0.02, 0.04, and 0.06)
strain were applied to the samples. The step force, which is
the difference between the peak force (at t  0) and the
steady initial force (at t  0), was measured from both the
Passive and Active curves, and the values are listed in
Tables 1 and 2. The steady force after stress relaxation (as
t 3 ) obtained from the Active (Table 1) and Passive
(Table 2) curves, for several strain levels, are also shown in
Tables 1 and 2. Both the step force and the relaxed force are
listed as mean  SD over repeated trials under nominally
identical conditions, so the standard deviation is a measure
of the experimental reproducibility of the force. Our theory
predicts that the tabulated Passive and Active forces should
vary linearly (indeed, proportionately) with the strain. Lin-
ear regressions relating the strain to the Passive force at t 
0, the Passive force at t  , the Active force at t  0, and
the Active force at t   produced correlation coefficients
of 0.99, 0.98, 0.91, and 0.90, respectively; these correlations
included the origin as a measured data point. As a measure
of the proportionality between force and strain we may list
the ratio of the absolute force predicted by the linear regres-
sion at the maximum strain (0.06) to that predicted at zero
strain; for the four cases listed above these ratios were 15.1,
162, 5.0, and 5.1. We accept this as adequate confirmation
of linearity for the present, subject to future verification by
more extensive measurements. Clearly, the measured devi-
ations from proportionality between force and strain are
greater for the Active force than for the Passive, suggesting
that the cell stiffness parameters may vary somewhat with
strain. To assign definite values to the matrix (0, ) and
cell (, ) stiffness moduli the values were averaged over
all measured strain levels, and are listed in Tables 1 and 2.
Note that as the force was the only measured quantity
assumed to exhibit statistical variability in the calculation of
these moduli, the (standard deviation/mean) ratios of the
moduli are the same as those of the corresponding forces.
The matrix and cell relaxation times were measured as the
half-times, t1/2, of the relaxation curves, and converted to
equivalent monoexponential relaxation times by the relation
m, c  t1/2/ln 2; values of the order of one second were
observed at all strain levels and are listed in Tables 1 and 2.
The relaxation properties of the passive matrix are charac-
TABLE 1 Active: cell parameters estimated from relaxation tests
Strain Force (dyne) (t  0) Force (dyne) (t 3 )  (dyne/mm2)  (dyne/mm2) c (s)
0.01 140.8  50.5 12.3  15.7 10,560  3788 923  1178 1.38
0.02 136.1  30.1 26.5  6.4 5104  1129 994  240 1.98
0.04 195.8  97.7 33.8  14.4 3671  1832 634  270 0.72
0.06 249.6  40.3 35.1  9.5 3120  504 439  118 0.96
Average: 5164 748 1.26
TABLE 2 Passive: matrix parameters estimated from relaxation tests
Strain Force (dyne) (t  0) Force (dyne) (t 3 ) 30 (dyne/mm
2) 3 (dyne/mm
2) m (s)
0.01 35.1  7.6 23.7  4.4 878  190 593  110 1.38
0.02 43.1  18.5 28.4  12.8 539  231 355  160 1.14
0.04 145.0  27.5 58.05  11.9 907  172 363  74 3.96
0.06 261.3  3.3 101.9  5.3 1089  14 425  22 3.78
Average: 853 434 2.57
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terized graphically by its relaxation function (the passive
curve in Fig. 5). In this preliminary analysis we have char-
acterized each relaxation curve by a single matrix or cell
time constant. As noted, this dominant time constant is
small (seconds), but Fig. 5 shows clearly that the relaxation
responses also contain slow components with much larger
time constants (minutes); these may be important for slow
deformations, and will be analyzed in more detail in future
work. Additional parameters are listed in Table 3, including
the average steady pre-step tension At  11(0
). The final
cell concentration, N, in the compacted tissue is estimated
from the initial cell concentration and the change in volume,
measured by the methods explained previously (Wakatsuki
et al., 2000). We assumed no significant change in cell
number.
DISCUSSION
The primary objective of the constitutive theory developed
in this paper is to provide a mathematical basis from which
one can interpret the mechanical behavior of whole tissue in
terms of the mechanical properties of its matrix and cellular
constituents. It is a first attempt which can be, and almost
certainly will be, elaborated and improved as our experi-
mental and theoretical experience grows. But even in its
present form we believe that the theory provides a useful
tool for understanding the mechanics of cell-matrix tissue
composites. To develop a tractable constitutive relation we
have made several assumptions, including the following:
1. The formed tissue is stable. Thus we do not consider
the possible migration of cells within the matrix, or the
internal remodeling of cells in response to mechanical
stresses. Our experimental observations indicate that this is
an acceptable assumption, at least on the time scale of our
measurements.
2. The small-strain tensor is adequate to describe the
tissue deformation. In this first iteration of our theory we
wish to avoid the additional complexity of nonlinear defor-
mation kinematics. Our experiments extend to20% strain,
and at that limit the small-strain assumption becomes ques-
tionable, but the inherent error does not seem out of line
with that of our other assumptions.
3. The tissue stress is the sum of a matrix stress and a
cell stress. We interpret this assumption in a strict sense to
mean that the matrix stress is the stress generated in the
matrix in the absence of cell force and the cell stress is the
actual force per unit area of imaginary cutting plane exerted
by the cells cut by the plane. Under this interpretation there
is no theoretical reason why this assumption should be
strictly true, and indeed it is not true in general. Neverthe-
less, an additive stress decomposition has been assumed in
all previously published theories of tissue mechanics (Mur-
ray et al., 1983; Murray and Oster, 1984; Tranquillo and
Murray, 1992), as well as in other fields such as muscle
mechanics and polymer rheology, so we tentatively adopt it
here as an acceptable approximation subject to future veri-
fication studies.
4. The cells deform with the continuum. Again, this is an
approximation for which there is no theoretical necessity.
The ratio of the linear strain of a cell along its length to the
macrostrain of the tissue in which it is embedded is a
complicated function of the stiffnesses and viscosities of
both the cells and the matrix, the cell dimensions, and the
cell concentration. For the values of cell and matrix prop-
erties deduced from our relaxation tests, listed in Tables
1–5, simple order-of-magnitude calculations suggest that
the cell strain should indeed be close to the tissue strain.
Furthermore, at the higher cell concentrations encountered
TABLE 3 Additional parameters
Parameter Value
Cell contractile stress, 0 421 Pa
FPM cross-sectional area, At 4 mm
2
FPM length 15 mm
Cell density, N 16,700 cells/mm3
Cell length, l0 0.1 mm
Cell cross-sectional area, Ac 5  10
5 mm2
At  11 (0
) 140.5  18.1 dyne (n  4)
FIGURE 5 Experimental relaxation curves (see Tables 1–3 for parame-
ters). The Total curve was measured before, and the Passive curve was
measured after, treatment with cytochalasin D. The Active curve is the
difference between the Total and Passive curves. Note the change in time
scale on the horizontal axis.
TABLE 4 Single-cell parameters estimated by our model
Cell Parameter Value
Cell force, F0 756 nN
Parallel stiffness, kp 4.5 dyne/mm (3 0.09 MPa*)
Series stiffness, ks 29.1 dyne/mm (3 0.583 MPa*)
Cell viscosity, c 36.7 dyne-s/mm (3 0.245 MPa-s*)
*Equivalent continuum moduli for homogeneous rod with fibroblast di-
mensions (see text).
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in our tissue models, the cells appear close to forming an
interconnected net, and under these circumstances the as-
sumption does not seem unreasonable. The same sort of
assumption is made, for example, in the theory of rubber
hyperelasticity (Wall, 1958). In future work we intend to
examine this assumption more closely via both experimen-
tal and computational approaches.
5. The cells are identical thin contractile rods. We be-
lieve that our observations of spread cells in formed tissue,
as illustrated in Fig. 1, justify this geometrical approxima-
tion about the shape of the rods. This allows us to define and
measure a cell orientation function. Obviously the cells are
not all identical, but our assumption that they are (except for
orientation) seems to us an acceptable “pre-averaging” to
facilitate the construction of this initial theory.
6. The cells can be characterized mechanically by a Hill
muscle model. While fibroblasts and other nonmuscle cells
lack long-range ordered sarcomeric structure, they share
with muscle cells an ability to generate active contractile
force, probably based also on actin-myosin interactions
(Kolodney and Elson, 1993). Furthermore, mechanical mea-
surements (using micropipettes, the cell poker, and other
techniques) on isolated cells have shown clearly that they
exhibit viscoelastic behavior. The minimum number of pa-
rameters needed to describe such behavior is three: a “fast”
elasticity, a “slow” elasticity, and a viscosity. The Hill
model provides these three parameters through its “series”
elasticity, “parallel” elasticity, and “force-velocity” relation.
The linearization of the Hill model was adopted at this
initial stage of model development for mathematical con-
venience, and it greatly simplifies model development and
interpretation.
Most of these assumptions can be relaxed if one is willing
to pay the price in model complexity. For example, it seems
feasible, following Barocas and Tranquillo (1997), to pos-
tulate a connection between the cell orientation p(ni), and
the tissue strain. Terms of higher order than the first (i.e.,
the small-strain tensor) could be retained in an expansion of
the Green strain, in an attempt to characterize deformation
kinematics more accurately. Experimental measurements of
actual individual cell deformations, as well as finite-element
studies, may suggest more appropriate relations between the
tissue macrostrain and individual cell deformation. The cell
mechanical properties could be characterized by relations
more sophisticated than the linearized Hill model that we
used. For example, if the uniaxial passive response of an
individual cell is characterized by a general linear viscoelas-
tic relation of the form F  
t G(t  tˆ)l˙ dtˆ, then in
averaging over cell orientation this will contribute a term
ij  
t {Nl0
2G(t  tˆ)}Bijpq˙pqdtˆ to the tissue constitutive
relation; thus Nl0
2G(t)Bijpq appears as the (in general, aniso-
tropic) macroscopic tissue relaxation function associated
with the embedded cells. These refinements of the basic
theory and others we reserve for future work. In this initial
report we concentrate on a description of a path by which
one can proceed from cell and matrix properties to compos-
ite tissue properties and first-order estimates of the model
parameter values.
The limited experimental data that we have presented
seems to provide support for the theory, at least as a first
approximation of the mechanics of cell-matrix interaction.
As the initial version of our theory assumes constant values
for the cell stiffness and viscosity parameters, it predicts that
the difference between the measured Total and Passive
curves should be a monoexponentially decaying function
(Eq. 26). Fig. 5 confirms that the Active relaxation curve is
indeed monotonically decreasing and can be fit fairly well
by a monoexponential decay—although, not surprisingly, a
TABLE 5 Single-cell parameters estimated from previous publications
Cell Parameter Cell Type Value Reference
Cell force Human small artery 0.1–2 nN Intengan et al. (1999)
Leukocyte* 0.8 nN Evans and Young (1989)
Fibroblast 500 nN Kolodney and Wysolmerski (1992)
Fibroblast 1000 nN Wakatsuki et al. (2000)
Active skeletal muscle† 12,500 nN Ford et al. (1981)
Elastic modulus Leukocyte (kp, ks) (1.1, 36) Pa Sung et al. (1988)
Leukocyte 0.3–0.9 kPa Zahalak et al. (1990)
Fibroblast (cortex) 0.06–0.12 MPa Bausch et al. (1999)
Single smooth muscle 1.2 MPa Glerum et al. (1990)
Fibroblast 2.5 MPa Wakatsuki et al. (2000)
Active skeletal muscle‡ 20 MPa Ford et al. (1981)
Cell viscosity Leukocyte 33 Pa-s Sung et al. (1988)
Leukocyte 200 Pa-s Evans and Young (1989)
Fibroblast 200 Pa-s Bausch et al. (1999)
Active skeletal muscle§ 0.26 MPa-s Katz (1939)
*Estimated from cortical tension.
†With dimensions of a fibroblast.
‡Estimated from T2 response.
§Estimated from force-velocity relation in stretch.
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bi-exponential provides a better fit. This result is significant,
because the mere fact that the Total and Active curves are
monotonically decreasing does ensure that their difference
will also decrease monotonically, as observed and required
by the theory. More detailed modeling of the relaxation
characteristics of individual cells, and more careful account-
ing for the actual orientation distribution of the cells (planar
isotropic in the central region and uniaxial near the edges)
may reduce the differences between the measured and pre-
dicted Active curves.
The analysis of relaxation presented in the Theory section
of this paper assumes that the matrix is an incompressible
material. We have partially confirmed this assumption by
simultaneously measuring the axial and transverse strain in
the planes perpendicular to the thickness direction of cy-
tochalasin D-treated FPMs. This was done by measuring the
movement of small embedded markers; the ratio of trans-
verse strain to axial strain was found to be close to 0.5,
which is consistent with the assumption of isotropy. A full
confirmation of material isotropy will require simultaneous
measurement of axial strain, transverse strain in the plane of
the sample, and transverse strain perpendicular to the plane
of the sample (i.e., in the thickness direction). These mea-
surements are technically difficult, but we will attempt them
in the future.
An examination of the cell stiffness moduli and matrix
stiffness moduli in Tables 1 and 2 reveals that the cellular
contribution to the tissue stiffness is comparable to that of
the matrix. This is because a planar isotropic cell orientation
introduces a factor of (1/8) into the term Bijpqpq (see
discussion of the cell-anisotropy tensors), so that  and 
should each be divided by 8 before comparing them with the
passive relaxation moduli 20 and 2, respectively; thus
(/8)/20  1.23 and (/8)/2  0.32. A similar conclu-
sion can be reached by comparing the active and passive
uniaxial response, according to Eq. 26, where [/3]/(30)
2.19 and [/3]/(3)  0.57. Thus it appears that the cell
contribution to the total tissue stiffness is somewhat higher
relative to the matrix contribution in fast loading than in
slow loading, but neither clearly dominates. The relative
contribution of the matrix may increase still further over
time due to continued deposition and cross-linking of the
matrix proteins.
Values of individual cell parameters, calculated from the
moduli listed in Table 1 via Eqs. 12 and 22, and the
viscosity relation c  ksc, are listed in Table 4. For
comparison, some cell parameter estimates based on previ-
ously published reports are listed in Table 5. We calculate
the force produced by a single fibroblast to be 756 nN,
which is close to that estimated from a previous analysis
using the measured cell cross-sectional areas of FPMs
(Kolodney and Wysolmerski, 1992; Wakatsuki et al., 2000;
Table 5). It is also close to the cell force produced by a
single smooth muscle cell (Harris and Warshaw, 1991).
This force, however, is much larger than that deduced from
the cortical surface tension in isolated leukocytes, 0.8 nN
(Evans and Young, 1989). The (fast) elastic modulus of the
fibroblast is estimated, from the sum of ks and kp, to be 0.67
MPa, which approaches a previous estimate for fibroblasts
in a collagen matrix listed in Table 5, measured by oscilla-
tory length perturbations (Wakatsuki et al., 2000) and that
of single smooth muscle cells (Glerum et al., 1990). (For the
purpose of comparing our theoretical parameter estimates
for a single fibroblast to those published previously in the
literature, we have viewed the cell as a homogeneous,
incompressible rod and calculated equivalent Young’s mod-
uli, E, and viscosity modulus, D, according to (Es, Ep) (ks,
kp)(l0/Ac) and D  c(l0/3Ac), where l0 (0.1 mm) is the
cell length and Ac (50 m
2) is the cell cross-sectional
area. These moduli are listed in parentheses in Table 4.) The
similarities in the magnitudes of cell parameters to those of
smooth muscle cells could be due to the phenotypic change
often observed in the fibroblasts in granulation tissue
(Darby et al., 1990). These fibroblasts, usually dubbed
“myofibroblasts,” express -smooth muscle actin, presum-
ably to produce higher tension for wound closure. The
estimate of Bausch et al. (1999) for the Young’s modulus
(taken throughout this discussion as three times the shear
modulus, as in incompressible material) of the cortical layer
of a fibroblast adherent to a surface, 0.06–0.12 MPa, ap-
proaches, but is somewhat smaller than, our values for the
stiffness of fibroblasts in a matrix. Tables 4 and 5 show that
our fibroblast stiffness values are much above the range of
Young’s moduli reported for single leukocytes, 0.001–1.0
kPa (Sung et al., 1988; Zahalak et al., 1990), and corre-
spondingly our fibroblast viscosity values are also much
higher than those of leukocytes, 30–200 Pa-s (Sung et al.,
1988; Evans and Young, 1989). Furthermore, our value of
the cell viscosity, 245 kPa-s, is three orders of magnitude
greater than that reported by Bausch et al. (1999) based on
microrheological measurements on fibroblasts adherent to a
surface. Thus it appears that the presence of a surrounding
extracellular matrix greatly elevates the effective cell viscosity.
As we have appropriated a model from muscle physiol-
ogy to represent nonmuscle cell mechanics, it is of interest
to compare the values of the mechanical properties we have
identified for fibroblasts in a collagen matrix with corre-
sponding values for isolated, maximally activated muscle
fibers (at maximum myofilament overlap). Tetanized iso-
metric frog skeletal muscle generates a stress of0.25 MPa
(Ford et al., 1981); thus a muscle fiber of the same cross-
sectional area as our fibroblasts would generate a force of
12.5 N, 10 times higher than we measure. Similarly, the
stiffness of frog muscle fibers subjected to step changes in
length, based on the T2 force response, is20 MPa (Ford et
al., 1981). This is an order of magnitude higher than our
value for the sum of the series and parallel cell stiffnesses.
The apparent viscosity of active skeletal muscle can be
estimated from the standard force-velocity curve by assum-
ing that the deviation of the force from the isometric value
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at any velocity is attributable to (effective) viscosity. Using
Katz’s (1939) data for lengthening muscle, this assumption
yields an apparent viscosity of 0.26 MPa-s, compared to
our value of 0.25 MPa-s for fibroblasts. These comparisons
suggest that contractile interactions may contribute signifi-
cantly to the mechanical properties of elongated fibroblasts
in a collagen matrix. Finally, Table 2 shows that the mean
values of the passive moduli 30 and 3 lie in the range 4
kPa to 9 kPa. Comparing these values to the effective
Young’s moduli of the cells listed in Table 4, 0.09 MPa and
0.67 MPa, it appears that the apparent bulk stiffness of the
individual fibroblasts is much higher than that of the sur-
rounding matrix.
CONCLUSION
By using a combination of continuum and statistical me-
chanics it is possible to derive a constitutive equation for
bio-artificial tissues, relating stress to deformation history,
that makes explicit the separate contributions of cells and
matrix. For a given matrix this constitutive relation permits
us to deduce the mechanical properties of the cells from
measurements on the tissue or, alternately, knowing the
mechanical properties of individual cells (as well as their
spatial distributions and orientations) we can predict the
mechanical behavior of the composite tissue. Relaxation
experiments support the general validity of the theory and
yield values of cell contractile force and stiffness roughly an
order of magnitude lower than corresponding properties of
active skeletal muscle, whereas the cell viscosity is identi-
fied to have a value comparable to that of active skeletal
muscle.
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